We establish nonclassicality of light as a resource for quantum metrology that is strictly quantifiable based on a quantum resource theory. We first demonstrate that every multimode pure state with negativity in the Glauber-Sudarshan P distribution provides metrological enhancement over all classical states in parameter estimation with respect to a collective quadrature operator. We then show that this metrological power serves as a measure of nonclassicality based on a quantum resource theory for multimode optical states, where the measure is a monotone under linear optics elements including phase shifters, beam splitters, and displacement operators. Our study further implies that nonclassicality quantified by the metrological power is identical to the degree of macroscopic superpositions, namely, quantum macroscopicity.
We establish nonclassicality of light as a resource for quantum metrology that is strictly quantifiable based on a quantum resource theory. We first demonstrate that every multimode pure state with negativity in the Glauber-Sudarshan P distribution provides metrological enhancement over all classical states in parameter estimation with respect to a collective quadrature operator. We then show that this metrological power serves as a measure of nonclassicality based on a quantum resource theory for multimode optical states, where the measure is a monotone under linear optics elements including phase shifters, beam splitters, and displacement operators. Our study further implies that nonclassicality quantified by the metrological power is identical to the degree of macroscopic superpositions, namely, quantum macroscopicity.
The differences between classical and quantum physics have long been a fruitful area of physics. Recognizing such differences have changed our viewpoint of nature, while developments in quantum information theory have shown that these differences lead to quantum advantages in informational tasks [1] [2] [3] [4] [5] [6] . For light fields in particular, general nonclassicality can be defined as the positivity of Glauber-Sudarshan P representation [7] . An arbitrary N mode optical stateρ can be represented aŝ
where P (α) is the P function and the set of coherent states {|α n } forms an overcomplete basis |α = |α 1 ⊗ |α 2 ⊗ · · · ⊗ |α N in the corresponding Hilbert space. For quantification of nonclassicality, various approaches have been suggested including distance based measures [8, 9] , nonclassicality depth [10] , entanglement potential [11] [12] [13] , characteristic function methods [14] , and operational approaches [15, 16] . Advantages in certain quantum processes over classical limitations may be attributed to specific quantum resources. The study of quantum resource theories enables one to quantify such quantum resources in a consistent manner [17] [18] [19] [20] [21] . In a quantum resource theory, a set of "classical" states is chosen in conjunction with a set of "free" operations that cannot add or increase the said quantum resource. Examples include the resource theory of entanglement, for which the relevant set of operations is the set of local operations and classical communications. The resource theory of coherence [20] employs incoherent operations [22] for the set of free operations. Some results suggest that the coherence may underlie several other quantum resources such as entanglement and quantum discord [23] [24] [25] .
Very recently, the nonclassicality of light was investigated using the resource theory of coherence [26] . This result [26] demonstrates that the nonclassicality of light in terms of negativity of the P function [7] may be viewed as the coherence [20] within the basis of coherent states. Emerging from this characterization is a resource theory of coherence in terms of linear optics, where the set of classical operations are naturally chosen as linear optical operations [26] . The challenge is then to find a quantifier of nonclassicality based on the resource theory that possesses a clear operational significance, paralleling the developments in the entanglement and the coherence theories.
In this paper, we demonstrate that the nonclassicality of an optical state is a quantifiable resource for highprecision parameter estimation. We show that every pure state with negativity in its P function is useful for quantum metrology over the classical limit. To this end, we introduce the optimal and mean metrological powers, which are based on the quantum Fisher information (QFI) and demonstrate that these measures fall under the resource theory of nonclassicality proposed in Ref. [26] for arbitrary multimode optical states. The QFI was previously proposed as a measure of quantum macroscopicity [27, 28] , but is by itself not a valid measure of the coherence [29] . Our result thus implies that the traditional notion of nonclassicality may be more closely related to quantum macroscopicity rather than to the coherence.
Linear optical maps.-Here, we define the nonclassical resource theory. The set of free operations as follows: we first define a general N -mode bosonic operator
T to be a real 2N -dimensional unit vector satisfying ||µ|| 2 := N n=1 |µ n | 2 = 1. Consequently, a general collective quadrature operator in an N -mode optical system is given byX µ = (â µ +â † µ )/ √ 2. Then, following Ref. [26] , we define multi-dimensional linear optical unitary operations to beÛ L , which transformsâ † µ intoâ † µ ′ +⊕ N n=1 α n 1 n , satisfying the condition ||µ|| 2 = ||µ ′ || 2 , and α n is some complex number and 1 1 n is the identity operator on the n-th mode. These operations can be realized via a Hamil- Using linear optical unitary operations, we define a linear optical map
, whereσ E is a classical state. We also define a selective linear operation by a set of Kraus operators {K i } satisfying iK † iK i = 1 1 when there existsÛ L and classical ancilla σ EE ′ and some set of orthogonal vectors {|i 
(b) (Strong monotonicity) Q is non-increasing under a selective linear optical operations on av-
Metrological power of light.-The QFI has been used to quantify multi-partite entanglement [30] [31] [32] and macroscopic quantum coherence [28] based on the usefulness of a quantum state for metrological tasks beyond the classical limit. The QFI with respect to an observableL is given by I F (ρ,L) = 2 i,j
2 , where the eigenvalues and eigenstates ofρ are given by λ i and |i , respectively.
In this paper, we focus on the parameter estimation of θ for the unitary dynamic generated by the collective quadrature observableX µ . Under this unitary dynamic, an initial quantum stateρ 0 evolves according tô If we were to estimate the parameter θ by performing measurements on the stateρ θ,µ , a tight bound for the variance of the estimator (∆θ) 2 µ is given by
which is the so-called the quantum Cramér Rao bound [33] . Here, F is the QFI matrix, which is a real symmetric 2N × 2N matrix with elements F kl = 2 i,j
For a multi-mode coherent state |α , the QFI is always I F (|α ,X µ ) = 2 for any µ. By the convexity of the Fisher information, the minimum variance of the estimator ∆θ achieved from any state ρ that is classical is lower bounded by I F (ρ,X µ ) −1 = 1/2, which we call the standard quantum limit. In contrast, a quantum stateρ with corresponding QFI larger than 2 will outperform all classical states for metrological tasks associated with the dynamics of a collective quadrature observableX µ . We also observe that quantum estimation tasks of the parameter generated by a collective quadrature observable are equivalent to estimating the parameter generated by a quadrature observable for a single mode up to a linear optical unitary operation. In other words, one can always find an optical linear unitary operatorÛ L such Fig. 2) . A displacement operation in any mode will also not change the value of the QFI with respect toX µ .
Based on this observation, we introduce two different measures quantifying the metrological power of multi-mode optical fields. First, one may optimize the metrological power with respect to all quadratures parametrized by µ.
where S = {µ| N n=1 |µ n | 2 = 1} and λ max (F) is the maximum eigenvalue of F . This quantifies the maximum sensitivity of estimating θ, min
, which can be obtained by first performing some linear optical unitary operationÛ L , followed by estimating θ with respect to the single mode generator X (1) .
For the second measure, we define the mean metrological power over all such parametrizations µ,
where
Normalization factors for both Eqs. (2) and (3) are chosen to such that the metrological power of coherent states is 1. In particular, for P mean , this normalization corresponds to two times the standard quantum limit for displacement estimation achievable by coherent states in N independent sensors, i.e., N optical modes. The following are some elementary properties of the metrological powers:
Proposition 1 (Metrological power of light). 
For a pure state |ψ
, P(|ψ ) ≥ 1,
Linear optical unitaries do not change the metrological power, i.e. P(Û LρÛ
† L ) = P(ρ).
Combining two optical fields A and B cannot increase the overall metrological power
, i.e. P(Û L (ρ A ⊗σ B )Û † L ) ≤ max{P(ρ A ), P(σ B )},
regardless of the number of modes in each field.
We used the notation P to describe both measures P opt and P mean for simplicity. All technical proofs are presented in Appendix. We note that from Proposition 1, a pure quantum state outperforms all classical states in the metrological power if and only if the state is nonclassical (i.e., contains negative P distribution).
Quantifying nonclassicality via metrological power.-Based on the above definitions, we introduce the following measure of nonclassicality for multi-mode optical states. For a pure state |ψ in bosonic systems, we define
as a non-classality measure. Then we extend this measure to quantify nonclassicality of any mixed state by taking convex roof of C:
where {p i , |ψ i } is a pure state decomposition ofρ satisfyingρ = i p i |ψ i ψ i | with p i ≥ 0 and |ψ i . The following is a key result of this paper.
Theorem 1. Q is a nonclassicality measure, satisfying the conditions (Q1)-(Q3).
We note that the value of nonclassicality is bounded from above by Q(ρ) ≤ 2n, wheren = (1/N )Tr
is the mean photon number per mode. Furthermore, the Q(ρ) ≤ 2n expresses a fundamental upper bound to the sensitivity of a general state ρ in terms of nonclassicality. The upperbound becomes an exact equality in the case of pure states. In general, the convex roof construction is complicated to compute. In such cases, the optimal metrological power P opt can be considered as another option to quantify nonclassicality,
However, there is a compromise since this nonclassicality measure is not faithful, so it does not strictly satisfy the conditions for a nonclassicality measure which was previously defined. Nevertheless, it still has many useful properties.
Theorem 2. The nonclassicality quantifier M satisfies following properties: 
Therefore, this quantifier can witness nonclassicality, since any state with non-zero M is nonclassical. Although M(ρ) = 0 does not guarantee thatρ is classical in general, this type of measure is easier to calculate especially for Gaussian states. In particular, M(ρ) = 0 is also sufficient condition for single-mode Gaussian states to be classical, i.e. the measure is faithful over single mode Gaussian states. We also observe that the last property in Theorem 2 fulfills one of the proposed requirements that is necessary to quantify the genuine quantum macroscopicity: the accumulation microscopic quantum coherence should be distinguished from the genuine macroscopic coherence present in states such as GHZstates [34] . Similar quantum macroscopicity measures for optical systems have been proposed in Ref. [28, 35] that are also based on the QFI, for instance the quantity max φ I F (ρ,X φ )/N using the sum of quadratureŝ
In this case, however, we point out that a linear bosonic map can increase the measure, sinceX φ in general does not transform in a covariant way, i.e.Û † LX φÛ L =X φ ′ . Thus, measures of this type do not fit into the resource theoretical description under linear optical maps, although it may capture many properties of macroscopic coherence.
Examples.-We demonstrate that well-known nonclassical optical states such as Fock states |n , NOONstates |N |0 + |0 |N , and optical cat states |α ± |−α all achieve Q = 2n which is the maximal value for a given mean photon number. A decohered even cat statê ρ Γ = |α α| + |−α −α| + Γ(|α −α| + |−α α|) with positive Γ is nonclassical unless Γ = 0, which is reflected in our measure since M(ρ) > 0 when Γ > 0. A decohered odd cat state, however, can be nonclassical while having M = 0. This asymmetric behavior leads to the significant difference of M when α is small, where even cat states are close to vacuum while odd cat states are close to a (nonclassical) single-photon state (see Appendix for details). Due to the invariance under linear optical unitary operations, nonclassicality between entangled coherent states |α 1 |α 2 ± |−α 1 |−α 2 and optical cat states |α ± |−α can be fairly compared. Note that we can convert the entangled coherent state into ( √ 2α 1 ± − √ 2α 1 ) |0 2 using a 50 : 50 beam splitter. As such, the degree of nonclassicality M for the entangled coherent state is equivalent with an optical cat state with an amplitude √ 2α. We also apply our result to Gaussian states. A single-mode Gaussian state can be represented asρ
, by using a squeezing operation S(ξ) = exp −ξâ †2 /2 + ξ * â2 /2 and a displacement op-
n+1 |n n| of the mean photon numbern th . Among single-mode Guassian states, a pure displaced squeezed stateD(α)Ŝ(ξ) |0 gives the maximum nonclassicality Q = 2n. The optimal metrological power is given by M(ρ G ) = max {exp(2r)/(2n th + 1) − 1, 0}, which depends on the mean photon number of the thermal staten th and the squeezing parameter r = |ξ|. Note that a single-mode Gaussian state is classical (i.e., has a positive P -representation) when r c ≤ (1/2) log(2n th + 1). Thus, the optimal metrological power M(ρ G ) is zero if and only if a single-mode Gaussian stateρ G is classical.
We also consider the example of two mode squeezed Then there exists the sympletic matrix S such that
We then obtain the following closed form formula:
(7) Experimental detection of nonclassicality.-Based on our result, nonclassicality can be detected in the laboratory by accessing QFI with respect to a collective quadrature observablesX µ . It has been suggested in Ref. [36] that one can estimate the value of QFI by the following lower bound M(ρ) ≥ 2θ Moreover, we can adopt the quadrature measurement X (n) φn = (â n e −iφn +â † n e iφn )/ √ 2 on each mode which can be realized by the local homodyne-detection. Note that the unitary evolution generated byX µ is in fact just a a multi-mode displacement operation, e −iθXµ = ⊗ N i=nD n (−iθµ * n / √ 2), whereD n are displacement operators on n-th mode.
This observation leads to
, where p(x) is a probability distribution for multi-mode quadratures x = (x T and χ = (χ 1 , χ 2 , · · · , χ N ) T with χ n = Re[µ n ] sin φ n + Im[µ n ] cos φ n . For the limiting case of θ → 0,
where G is a 2N × 2N real matrix with
Therefore, only the probability distribution for a multimode quadrature observable is required to detect the nonclassicality of optical fields. Even in the case of a limited measurement precision, Eq. (6) of Ref. [36] or Theorem 2 of Ref. [37] can be adopted to estimate the value of M.
Remarks.-We have identified nonclassicality of light as a quantifiable resource for quantum metrology based on a quantum resource theory. Any pure state of light with negativity in the Glauber-Sudarshan P distribution provides metrological enhancement over all classical states in parameter estimation with respect to an arbitrary quadrature operator. This metrological power is found to be a measure of nonclassicality based on a quantum resource theory for multimode optical states. The degree of nonclassicality quantified by optimal and mean metrological powers does not increase under linear optical maps that can be implemented in a laboratories by linear optical elements, in addition to classical states of light. The optimal metrological power also satisfies the necessary conditions for a measure of macroscopic quantum superpositions or "quantum macroscopicity." Our study provides a possible avenue for a unified understanding of nonclassicality, quantum macroscopicity and the metrological power. For future work, our measures could possibly be applied not only to multi-mode bosonic systems, but also to arbitrary many-body quantum systems including spin, atomic, and optomechanical systems as well as hybrid systems with optical fields. This may lead to a unified description of quantum macroscopicity and nonclassicality for both the discrete and continuous types of systems.
Derivation of Eqs. (1), (2), and (3)
We derive alternative expressions of the metrological powers in Eq. (1). Using the decompositionX µ =
where F is the quantum fisher information matrix
Consequently, max µ∈S µ T F µ = λ max (F ) leads to Eq, (2). Also, Eq. (3) can be derived using S
Tr(F ), since F is a real symmetric matrix.
Proof for Proposition 1
Proof. We first show that P(|ψ ) ≥ 1. Taking a collective quadrature observableX µ and its conjugate operator
=Xμ, withμ n = −iµ n for every n. Then, we note that [X µ ,P µ ] = i. Then we have
where the second inequality is the Heisenberg uncertainty relation. Then, using the fact that I F (|ψ ,X µ ) = 4Var(ψ,X µ ),
and
when integrating over S. We now show that the equality holds if and only if |ψ is a coherent state. Note that P opt (|ψ ) = 1 or P mean (|ψ ) = 1 is equivalent with the condition (1/2)I F (|ψ ,X µ ) = 1 for any µ ∈ S. Then the "if " part can be verified by directly showing that for any coherent state |α = |α 1 α 2 · · · α N .
2 is a single-mode quadrature operator of the n-th mode. We used the fact that the quantum Fisher information (QFI) of any quadrature observablex θ = (âe −iθ +â † e iθ )/ √ 2 is given by I F (|α α|,x θ ) = 2 for any single-mode coherent state |α .
The "only if " part can be proved as follows. The N -mode pure optical state |ψ can be decomposed into one selected mode and remaining modes, |ψ = j λ j |φ
, by the Schmidt decomposition. Then we note that are not necessarily to be the same). The second inequality is the Heisenberg uncertainty and only coherent state |φ
reaches the bound 1. Thus, combining these two results, (1/2)I F (|ψ ,X µ ) = 1 for all µ ∈ S implies that Var(ψ,X
(1) ) + Var(ψ,X (2) ) = 1, thus |ψ should be written in the form |ψ = α (1) φ (2···N , since different coherence states α j have different values of x or p . We can repeat the same process for each mode, then we finally conclude that |ψ = α (1) · · · α (N ) is a multi-mode coherent state. Now we prove that P(ρ) ≤ 1 whenρ is classical. Note that a classical state can be expressed as a convex sum of multi-mode coherent states, i.e.ρ = i p i |α i α i | for positive p i satisfying i p i = 1. Then by the convexity of the QFI, we get I F (ρ,X µ ) ≤ i p i I F (|α i α i |,X µ ) ≤ 2, where I F (|α i α i |,X µ ) = 2 for any coherent state |α . Then by either taking optimization over µ or averaging over S = {µ| N n=1 |µ n | 2 = 1}, we have P opt ≤ 1 and P mean ≤ 1, respectively.
Next, we demonstrate that the metrological power P is invariant under optical linear unitaries. Note that
, where there exist an 2N × 2N unitary matrix V such that µ ′ = V µ ∈ S. Moreover the unitary matrix V does not change the structure of S, i.e. V SV † = S and | det V | = 1, which guarantees that the optimal and mean metrological powers do not change by such unitaries.
Finally, we show that combining two-uncorrelated optical systems cannot increase the metrological powers. Suppose that the optical field A and B of N and M modes, respectively. Then a collective bosonic operator in the combined system can be expressed using a 2(N + M ) dimensional real vector µ. Let us assume that the optimal metrological power P opt of the combined system is given by
, where maximum is achieved at {μ n } and U L does not change the metrological power P opt . Note that the quadratureXμ can be divided into two partŝ
where we used the fact that 2 I F (σ,X µB ) ≤ P opt (σ) and 0 ≤ λ ≤ 1 for the last inequality. For the mean metrological power, we note that
Then we have the same property for the mean metrological power,
Proof of Theorem 1
First, we prove the following statement:
A ⊗ |i B i| with orthogonal basis {|i B }, the QFI with respect to the given local observableL A is given by
Proof. Note that eigenvalues of i p iρ
µ are eigenvalues ofρ
A with corresponding eigenstates φ
. By direct calculation, we have
Now we prove Theorem. 1:
Proof. We prove the condition (Q1): Ifρ is classical, the state can be represented as a convex sum of coherent states |α , which leads to Q(ρ) = 0. Conversely, if Q(ρ) = min {pi,ψi} i p i C(|ψ i ) = 0, there exists a pure state composition ofρ = i p * i |ψ * i ψ * i | that C(|ψ * i ) = 0 for every i. Note that C(|ψ * i ) = 0 if and only if |ψ * i is a coherent state by Proposition. 1, and using this decomposition,ρ can be expressed as a convex sum of coherent states, i.e.ρ is classical. Thus we Q(ρ) = 0 if and only ifρ is classical. Also, convexity (Q3) is guaranteed by the convex roof construction.
In order to prove the strong monotonicity (Q2b) of the mean metrological power, we first show that 
whereσ EE ′ = j p j |α j α j | is classical, and the first and second inequalities come from contractivity and convexity of the QFI, respectively. We prove that
Finally, we get
Now we prove the strong monotonicity of Q. Suppose Q(ρ) = min {pµ,ψµ} µ p µ C(|ψ µ ) = µ p * µ C( ψ * µ ), where the minimum is achieved atρ = µ p * µ ψ * µ ψ * µ |. Then we have
Finally, weak monotonicity can be derived by the strong monotonicity condition and convexity of Q:
where p i = TrρK † iK i .
Proof of Theorem 2
Proof. Convexity is guaranteed by convexity of the QFI. We prove that M(ρ) = 0 whenρ is classical. A classical quantum state has a positive-P representation, which allows us to representρ = π −1 d 2 αP (α) |α α| as a convex sum of coherent states. Then by convexity of M and using the fact that M(|α α|) = 0 for any coherent states, we have M(ρ) = 0. Weak monotonicity could be proved as follows:
We note that the optimal metrological power is contractive under partial trace:
whereμ A gives the maximum metrolgical power for Tr BρAB . Note that a linear optical map onρ can be realized by 
We now show the final condition M(ρ ⊗M ) = M(ρ). By Proposition 1, we have P opt (ρ ⊗M ) ≤ P opt (ρ). Then we can always chooseX µ =Xμ 1 ⊗1 2···M to achieve P opt (ρ ⊗M ) = P opt (ρ), whereμ 1 gives the maximum metrological power for ρ. Thus we have M(ρ ⊗M ) = M(ρ). By the same way, we can also show that M(ρ A ⊗σ B ) = max {M(ρ A ), M(σ B )}.
Nonclassicality of decohered cat states
A decohered optical cat state is given as follows:
where positive and negative values of Γ refer to decohered even and odd cat states, respectively and N Γ = 2+2Γe 2 ≤ Γ < 0. This implies that some of odd cat states do not give quantum enhancement for displacement estimation tasks even they have negative P representations.
Nonclassicality of multi-mode Guassian states
Suppose a generic N -mode Gaussain stateρ (V ,d) has an 2N × 2N covariance matrix V , and its the sympletic decomposition is given by V = SV ⊕ S T , where V ⊕ = ⊕ N n=1 ν n 1 n with SΩS T = Ω. Using the fact that every sympletic operation S has corresponding multi-mode unitary operationÛ S (not necessarily be a linear optical map), we can express the state as follows:ρ
whereτ n is a thermal state of n-th mode with mean-photon number (ν n − 1)/2. Then the QFI with respect toX µ is given by
It is important to note thatÛ † SX µÛS =Xμ, whereμ = (S −1 ) T µ, where ||μ|| 2 = 1 in general. Moreover, the QFI matrix for a multi-mode thermal state is given by F (⊗ 
We then obtain the desired formula:
